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Introduction

Mappings plays an important role in t
study of modern mathematics, especially in Topol
and Functional analysis. Closed mappings are
such mappingsvhich are studied for different typ
of closed sets by various mathematicians for the
many years. N.Biswas, discussed absemiopen
mappings in the year 1970, &Mashhour, M.E.Ab
El-Monsef and S.N.El-Deeb studied preope
mappings inthe year 1982 and S.N-Deeb, and
I.A.Hasanien defind and studied about preclos
mappings in the yeal983. Further Asit kumar s¢
and P. Bhattacharya discussed about-closed
mappings in the year 1993.A.S.Mashhour
[.A.Hasanein and S.N.El-Deemmtroduced a-open
and a-closed mappings in the year in 19
F.Cammaroto and T.Noidiscussed about semif-
open and semiprelsoed mappings in the year 1!
and G.B.Navalagfurther verified few results abo
semipreclosed mappings.M.E.Abd E-Monsef,

Preliminaries
Definition 1: AO X is said to be

S.N.El-Deeb and R.A.Mahmoudntroducedf-open
mappings in the year 198&hd Saeid Jafari ar
T.Noiri, studied aboup-closed mappings in the ye
2000. C. WBaker, introduced Cont-open functions
and contraclosed functions in the year 19¢
M.Caldas ad C.W.Baker introduced contra |-
semiopen Maps in the year 20(n the year 2010, S.
Balasubramanian and P.A.S.Vyjayanthi introduv-
open mappings and in the year 2011 they fui
defined almosw-open mappings. In the last year
Balasubramanian arfé.A.S.Vyjayanthi introducev-
closed and Almost-closed mappings. Inspired wi
these concepts and its interesting properties wiaisi

paper tried to study a new variety of closed
called contrav-closed maps. Throughout the pa
X, Y means topological spaceX, 1) and {,c) on
which no separation axioms are asst

a) Regular open[pre-open; sewpen; a-open; B-open] if A = int(cl(A)) [AQint(cl(A)); AO cl(int(A)); AO
int(cl(int(A))); AD cl(int(cl(A)))] and regular closed[p-closed; semi-closedp-closed; B-closed] if A =
cl(int(A))[cl(int(A)) O A; int(cl(A))O A; cl(int(cl(A))) O A; int(cl(int(A))) O A]

b) v-open if there exists regulapen set U such thatdAOcl(U).

c) g-closed[rg-closed] if cl(A)U[rcl(A) OU] whenever AIU and U is open[epen] in X and -open[rg-open] if

its complement X - A is g-closed[esed]

Remark 1: We have the following implication diagrams for edsset:
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r-closed sets ra-closed sets v-closed set
! !
pre-closed set closed sets a-closed set- semi-closed set: -closed set.
Definition 2: A functionf:X—Y is said to be
a) continuous[resp:semi-continuous, r-continuousontinuous] if the inverse image of every openisetpen
[resp: semi open, regular oper;open].
b) irresolute [resp: r-irresoluter-irresolute] if the inverse image of every semi ofesp: regular operv-open]
set is semi open [resp: regular opeopen].
c) closed[resp: semi-closed, r-closed] if the imagewary closed set is closed [resp: semi closed|aeglosed)].
d) g-continuous [resp: rg-continuous] if the invens@ge of every closed set is g-closed. [resp: rgedp
e) contra closed[resp: contra semi-closed; contracteed; contraa-closed] if the image of every closed sekin
is open[resp: semi-open; pre-opegkapen] inY.

Definition 3: X is said to be T,[r-T/] if every (regular) generalized closed set is (@tag closed.

Contra v-Closed Mappings
Definition 1: A functionf: X- Y is said to be contraclosed if the image of every closed seXiis v-open inY.
Theorem 1: Every contra a-closed map is contnaclosed but not conversely.
Proof: Let ALIX be closed= f(A) is ra-open inY sincef: X - Y is contrar a-closed
=f(A) is v-open inY since everya-open set is-open. Hencé is contrav-closed.
Examplel: LetX=Y={a, b, c};1={q {a}, {b, c}, X}; o ={q@ {a}, {b}, {a, b}, Y}. Let f:X- Y be defined(a) =
b, f(b) = c andf(c) = a. Therf is contrav-closed, contra semi-closed, conteealosed and contrfi-closed but not
contra closed, contra pre-closed, contra r-closedtraa-closed and contra rp-closed.
Example2: LetX=Y={a, b, c};1={¢, {a}, {a, b}, X}; a ={@, {a, c}, Y}. Let :X- Y be defined(a) = c,f(b) =b
andf(c) = a. Therf is contra pre-closed, contra rp-closed and coficébsed but not contra closed, contra semi-
closed, contra r-closed, contralosed, contra-closed and contrairclosed.
Theorem 2: Every contra-closed map is contraclosed but not conversely.
Proof: Let ACIX be closed= f(A) is r-open inY sincef:X- Y is contrar-closed=f(A) is v-open inY since every
ra-open set is-open. Hencé is contrav-closed.
Example3: LetX=Y={a, b, c};t1 ={¢g, {a}, X}; o ={q, {a}, {a, b}, Y}. Let f:X- Y be defined(a) = ¢,f(b) = b
andf(c) = a. Therf is contra closed, contra semi-closed, contra peed, contrgs-closed, contrax-closed and
contra o-closed but not contra r-closed, contralosed but not contra fgosed.
Theorem 3: Every contra/-closed map is contra semi-closed but not conversely
Proof: Let AOX be closed= f(A) is v-open inY sincef:X- Y is contrav-closed=f(A) is semi-open inY since
everyv-open set is semi-open. Herfds contrasemi-closed.
Theorem 4: Every contra/-closed map is contifgclosed but not conversely.
Proof: Let AOX be closed= f(A) is v-open inY sincef: X - Y is contrav-closed=f(A) is -open inY since every-
open set i§-open. Hencé is contraB-closed.
Note 1:
a) contra closed maps and contralosed maps are independent of each other.
b) contraa-closed map and contkaclosed map are independent of each other.
c) contra pre closed map and contrelosed map are independent of each other.
Note 2: We have the following implication diagram among tipen maps.

contra r-closed. contra o-closed- contrav-closed

! !

contra pre-closed contra closed. contraa-closed— contra-semi-closed contra-closed.
None is reversible.
Theorem 5: If RaO(Y) = vO(Y) thenf is contra o-closed ifff is contrav-closed.
Proof: Follows from theorem 3.1
Conversely Let AIX be closed=f(A) is v-open inY sincef:X- Y is Contrav-closed= f(A) is ra-open inY since
everyv-open set isa-open. Hencéis Contrar a-closed.
Theorem 6: If vO(Y) = RO(Y) thenf is Contrar-closed ifff is Contrav-closed.
Proof: Follows from theorem 3.2
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Conversely Let AIX be closed=f(A) is v-open inY sincef:X- Y is Contrav-closed= f(A) is r-open inY since
everyv-open set is-open. Hencéis Contrar-closed.

Theorem 7: If vO(Y) = aO(Y) thenf is Contraa-closed ifff is Contrav-closed.

Proof: Let AOX be closed= f(A) is a-open inY sincef:X- Y is Contraa-closed=f(A) is v-open inY since every
a-open set is-open. Hencé is Contrav-closed.

Conversely Let AIX be closed=f(A) is v-open inY sincef:X- Y is Contrav-closed= f(A) is a-open inY since
everyv-open set igr-open. Hencé is Contraa-closed.

Theorem 8: If f is closed ang is Contrav-closed themgy o f is Contrav-closed.

Proof: Let AcX be closed> f(A) is closed inY = g(f(A)) is v-open inZ = g o f(A) is v-open inZ. Henceg o f is
Contrav-closed.

Theorem 9: If fis closed ang is Contrar-closed them o f is Contrav-closed.

Proof: Let AcX be closed= f(A) is closed inY = g(f(A)) is r-open inZ = g o f(A) is v-open inZ. Henceg o f is
Contrav-closed.

Theorem 10: If f is closed ang is Contrar a-closed them o f is Contrav-closed.

Proof: Let AcX be closed in X= f(A) is closed in Y= g(f(A)) is ra-open in Z= g(f(A)) is v-open in Z= g-f(A)
isv-open in Z Hencege f is almost Contra-closed.

Theorem 11: If fis r-closed ang is Contrav-closed them o f is Contrav-closed.

Proof: Let AcX be closed= f(A) is r-closed inY = g(f(A)) is v-open inZ = gof(A) is v-open inZ. Henceg o f is
Contrav-closed.

Theorem 12: If fis r-closed ang is Contrar-closed themy o f is Contrav-closed.

Proof: Let AcX be closed= f(A) is r-closed inY = g(f(A)) is r-open inZ = go f(A) is v-open inZ. Henceg o f is
Contrav-closed.

Theorem 13: If f is r-closed and is Contrar a-closed therg o f is Contrav-closed.

Proof: Let AcX be closed in X= f(A) is r-closed in Y= g(f(A)) is ra-open in Z= g(f(A)) is v-open in Z=
g+f(A) is v-open in Z Hencege f is Contrav-closed.

Corollary 1.1:

a) If fis closed[r-closed] angis Contrav-closed thery o f is Contrasemi-closed and hence Confiralosed.

b) If fis closed[r-closed] angis Contrar-closed themy o f is Contra semi-closed and hence Cofitidosed.

c) If fis closed[r-closed] angis Contrar a-closed thery o f is Contra semi-closed and hence Cofitcdosed.

Theorem 14: If fis Contra closed amglis v-open therg o f is Contrav-closed.

Proof: Let ASX be closed in X= f(A) is open in Y= g(f(A)) is v-open in Z= gef(A) is v-open in Z. Hencee f is

Contrav-closed.

Theorem 15: If f is Contra closed amglisr-open therg o f is Contrav-closed.

Proof: Let AcX be closed in X= f(A) is open in Y= g(f(A)) is r-open in Z= g(f(A)) is v-open in Z= gef(A) is

v-open in Z. Hencege f is Contrav-closed.

Theorem 16: If f is Contra closed arglisr a-open therg o f is Contrav-closed.

Proof: Let ASX be closed in X= f(A) is open in Y= g(f(A)) is ra-open in Z= g(f(A)) is v-open in Z= gf(A) is

v-open in Z. Hencege f is Contrav-closed.

Theorem 17: If fis Contra-r-closed anglis v-open therg o f is Contrav-closed.

Proof: Let AcX be closed in X= f(A) is r-open in Y= g(f(A)) is v-open in Z= g-f(A) is v-open in Z. Hencege f

is Contrav-closed.

Theorem 18: If fis Contra-r-closed anglis r-open therg o f is Contrav-closed.

Proof: Let ASX be closed in X= f(A) is r-open in Y= g(f(A)) is r-open in Z= g(f(A)) is v-open in Z= gf(A) is

v-open in Z. Hencege f is Contrav-closed.

Theorem 19: If f is Contra-r-closed anglis r a-open therg o f is Contrav-closed.

Proof: Let AcX be closed in X= f(A) is r-open in Y= g(f(A)) is ra-open in Z= g(f(A)) is v-open in Z= gef(A)

isv-open in Z. Hencege f is Contrav-closed.

Corollary 1.2

a) If f is Contra closed[Contra-r-closed] agds v-open theng o f is Contra-semi-closed and hence Cotfitra
closed.

b) If f is Contra closed[Contra-r-closed] agds r-open theng o f is Contra-semi-closed and hence Corfira
closed.
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c) If fis Contra closed[Contra-r-closed] agds r a-clsoed therg o f is Contra-semi-closed and hence Coffitra
closed.

Theorem 20: If f: X - Y is Contrav-closed, theri(A°) O v(f(A))°

Proof: Let A X be closed anft X — Y is Contrav-closed give$(A°) is v-open in Y and(A°)Of(A) which in turn

givesv(f(A%)°0 v(f(A))° - - - (1)

Sincef(A°) isv-openin Y V(f(A%))° =f(A%) - - - - - - - - - - - - oo - - )

combining (1) and (2) we ha¥@\°) 0 v(f(A))° for every subset A of X.

Remark 2: Converse is not true in general.

Corollary 1.3: If f:X- Yis Contrar-closed, thefi(A°%)0 v(f(A))°

Proof: Let A X be closed anft X - Y is Contrar-closed gives$(A°) is r-open in Y and(A°)Of(A) which in turn

givesv(f(A%)°0 v(f(A))° - - - - - - - - - - 1)

Sincef(A°) isv-openin Y V(f(A%))° =f(A%) - - - - - - - - - - - oo - - 2

combining (1) and (2) we ha¥@\°) 0 v(f(A))° for every subset A of X.

Theorem 21: If f:X- Y is Contrav-closed and AlX is closedf(A) is T,.open inY.

Proof: Let A0l X be closed anfl X - Y is Contrav-closed= f(A°)0 v(f(A))° = f(A) O v(f(A))°, sincef(A) = f(A°).

But v(f(A))°O f(A). Combining we get(A) = v(f(A))°. Thereforef(A) is T,.openin Y.

Corollaryl.4: If f:X - Yis Contrar-closed, theri(A) is 1,.open inY if A is r-closed set irX.

Proof: Let AO X be r-closed andt X - Y is Contrar-closed= f(A%)O r(f(A))° = (A% v(f(A))° (by theorem

3.20)= f(A) O v(f(A))°, sincef(A) = f(A°). But v(f(A))°0 f(A). Combining we gef(A) = v(f(A))°. Hencef(A) is 1.

open inY.

Theorem 22: If v(A)° = r(A)° for every AJY, then the following are equivalent:

a) f: X - Y is Contrav-closed map

b) f(A°)O v(f(A))°

Proof: (a)=(b) follows from theorem 3.20.

(b) = (a) Let A be any r-closed set in X, th&A) = f(A9)O v(f(A))° by hypothesis. We haviA) O v(f(A))°.

Combining we gef(A) = v(f(A))° = r(f(A))°[ by given condition] which implie§(A) is r-open and hence-open.

Thusf is Contrav-closed.

Theorem 23: f:X- Y is Contrav-closed iff for each subset S ¥fand each open set U containinyS), there is an

v-closed set V of such that § V andf*(Vv) O U.

Remark 3: Composition of two Contra-closed maps is not Contveclosed in general.

Theorem 24: Let X, Y, Z be topological spaces and evergpen set is closedfclosed] inY. Then the composition

of two Contrav-closed[Contra-closed] maps is Contraclosed.

Proof: (a) Letf:X-Y and gY— Z be Contrav-closed maps. Let A be any closed seXim f (A) is v-open inY= f

(A) is closed inY (by assumption} g(f (A)) is v-open inZ = g o f(A) is v-open inZ. Thereforeg o f is Contrav-

closed.

(b) Letf:X- Y and g¥Y - Z be Contras-closed maps. Let A be any closed seXi f(A) is r-open inY = f(A) is v-

open inY = f(A) is r-closed inY (by assumption}> f(A) is closed inY (by assumption} g(f(A)) is r-open inZ =

gof(A) is v-open inZ. Thereforegof is Contrav-closed.

Theorem 25; Let X, Y, Z be topological spaces and Y is discrete topoldgipace inY. Then the composition of

two Contrav-closed[Contra-closed] maps is Contraclosed.

Theorem 26: If f:X- Y is g-closed, ¢ - Z is Contrav-closed [Contra-closed] andY is Ty, [r-Tyg thengof is

Contrav-closed.

Proof: (a) Let A be a closed set ¥ Thenf(A) is g-closed set ity = f (A) is closed inY asY is Ty,= o(f (A)) is v-

open inZ sinceg is Contrav-closed= g of (A) is v-open inZ. Hencegof is Contrav-closed.

(b) Let A be a closed set M Thenf(A) is g-closed set irY¥ = f (A) is closed inY asY is Ty,= g(f (A)) isr-open in

Z sinceg is Contrar-closed= g of (A) is v-open inZ. Hencegof is Contrav-closed.

Corollary 1.5: If f:X-Y is g-open,g:Y-Z is Contrav-closed [Contra-closed] andY is Ty, [r-Ty2] thengof is

Contra p-closed and hence Corfirelosed.

Theorem 27: If f:X- Y is rg-openg:Y - Z is Contrav-closed [Contra-closed] andY is r-Ty,, theng o f is Contra

v-closed.

Proof: Let A be a closed set K. Thenf(A) is rg-closed inY = f(A) is r-closed inY sinceY isr-Ty, = f(A) is

closed inY since every-closed set is closed> g(f(A)) is v-open inZ = g of(A) is v-open inZ. Hencegof is Contra

v-closed.
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Corollary 1.6: If f:X- Y is rg-open, g¥- Z is Contrav-closed [Contra-closed] andY isr-Ty,,, theng o f is Contra
semi-closed and hence Confralosed.

Theorem 28: If f:X-Y, gY-Z be two mappings such thgof is Contrav-closed [Contrar-closed] then the
following statements are true.

a) If fis continuousrcontinuous] and surjective thgris Contrav-closed.

b) If fis g-continuous, surjective addis Ty, theng is Contrav-closed.

c) If fis rg-continuous, surjective addisr-Ty, theng is Contrav-closed.

Proof: (a) Let A be a closed set 1= f(A) is closed inX = (g o f)(f*(A)) is v-open inZ = g(A) is v-open inZ.
Henceg is Contrav-closed.

(b) Let A be a closed set M = f(A) is g-closed inX = f(A) is closed inX[sinceX is Ty,] = (g o f)(F(A)) is v-
open inZ = g(A) is v-open inZ. Henceg is Contrav-closed.

(c) Let A be a closed set = f*(A) is g-closed inX = f(A) is closed inX[sinceX is r-Ty,] = (g o f)(F(A)) is v-
open inZ = g(A) is v-open inZ. Henceg is Contrav-closed.

Corollary 1.7: If f:X-Y, gY-Z be two mappings such thgof is Contrav-closed [Contrar-closed] then the
following statements are true.

a) If fis continuousrcontinuous] and surjective thegris Contra semi-closed and hence Cofitcdosed.

b) If fis g continuous, surjective aids Ty, theng is Contra semi-closed and hence Cofitcdosed.

c) If fis rg-continuous, surjective aXdisr-Ty,, theng is Contra semi-closed and hence Cofitcdosed.
Theorem 29: If f:X- Y is Contrav-closed and A is an closed setothenfs:(X, 1(A)) - (Y, o) is Contrav-closed.
Proof: (a) Let F be a closed setAn Then F = AnE for some closed set E ¥fand so F is closed i = f(A) is v-
open inY. Butf(F) =fs(F). Thereford, is Contrav-closed.

Theorem 30: If f:X- Yis Contrar-closed and A is an closed sebothenfa:(X, T(A)) - (Y, o) is Contrav-closed.
Proof: Let F be a closed set i Then F = AE for some closed set E ¥fand so F is closed X = f(A) is r-
open inY. = f(A) is v-open inY. Butf(F) =fA(F). Thereford, is Contrav-closed.

Corollary 1.8: If f:X- Y is Contrav-closed [Contra-closed] and A is an closed setthenf,:(X, 1(A)) - (Y, 0)
is Contra semi-closed and hence Cofitdosed.

Theorem 31: If f:X- Y is Contrav-closed X is Ty, and A is g-closed set &f thenfa:(X, T(A)) - (Y, 0) is Contra
v-closed.

Proof: Let F be a closed set m Then F = A E for some closed set E ¥fand so F is closed X = f(A) is v-open
in'Y. Butf(F) =fa(F). Thereford, is Contrav-closed.

Theorem 32: If f:X- Y is Contrar-closed,X is Ty, and A is g-closed set of thenfa:(X, T(A)) - (Y, o) is Contra
v-closed.

Proof: Let F be a closed set & Then F = AE for some closed set E ¥fand so F is closed X = f(A) is r-open
in Y = f(A) is v-open inY. Butf(F) =fo(F). Thereford, is Contrav-closed.

Corollary 1.9: If f:X- Y is Contrav-closed [Contra-closed],X is Ty, A is g-closed set oX thenfa:(X, T(A)) -
(Y, 0) is Contra semi-closed and hence Cofitcdosed.

Theorem 33: If fi: Xi-Y; be Contrar-closed [Contra-closed] for i =1, 2. Let f: XuxXs - YiXY, be
defined ag(x1,x2) = (f1(X1),f2(X2)). Thenf: X;xX5 - Y1xY, is Contrav-closed.

Proof: Let UixU, O X;xX, where UYis closed inX; for i = 1,2. Therf(UxU,) =f1(Uq) X fo(U,) is v-open set ifYyxY,.
Thenf(U.xU,) is v-open set irfYyxY,. Hencef is Contrav-closed.

Corollary 1.10: If f: X;-Y; be Contrav-closed [Contrar-closed] for i =1,2. Lef:X;xX,- Y:xY, be defined as
f(X1,%2) = (fr(X1),f2(X2)), thenf: X;xX; - Y1xY; is Contra semi-closed and hence Cofitcdosed.

Theorem 34: Let h:X- X;xX, be Contrav-closed. Letf:X- X; be defined a®i(x)=(x1,x;) andfi(x) = %. Thenf;:
X X;is Contrav-closed for i =1, 2.

Proof: Let U; be closed in X then Ux X, is closed in Xx X5, andh(Ux X5,) is v-open in X. Buff;(U;) = h(Uyx X5),
thereforef; is Contrav-closed. Similarly we can show thatis also Contra-closed and thuk: X - X;is Contrav-
closed fori=1, 2.

Corollary 1.11: Let h: X X;xX; be Contrar-closed. Lefi: X- X; be defined ab(x) = (X, %) andfi(x) = . Thenf;:
X X;is Contra semi-closed and hence Cofitcdosed for i =1,2.
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Conclusion

In this paper we introduced the concept of
contra v-closed mappings, studied their basic
properties and the interrelationship between other
closed maps.
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